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Abstract.
This study intends to analyze geometry tasks related to Higher Order Thinking Skills
(HOTS) through geometrical thinking level by Van Hiele which consists of visualization,
analysis, abstraction, deduction, and rigor. This study only focuses on visualization,
analysis, and abstraction levels. The stages in this study are divided into three steps.
Chronologically, the first stage begins with the process of compiling PISA tasks related
to geometry and HOTS, especially for examining the students’ spatial abilities. From all
the tasks obtained, three tasks match the criteria that were most relevant to Van Hiele’s
geometrical thinking level. The second stage was continued by testing the instrument
test to 23 students from one of the schools in Tangerang Regency as respondents.
In the last stage, analyze the students’ answers based on the steps of their work and
compare them with the theory of geometrical thinking from Van Hiele. The results of this
study indicate that there are differences between the steps of the students’ answers
and theoretical answer steps that are expected in this study. The conclusion that can
be drawn is that the students’ learning experiences in understanding geometrical
concepts are not theoretically compatible with the principles of spatial ability, especially
in completing geometry tasks related to HOTS.
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1. INTRODUCTION

In solving mathematical problems, the students must be able to understand simple
concepts to higher concepts [1]. So that in developing the students’ abilities in solving
given problems, it is necessary to have a load of tasks that can hone the students’
Higher Order Thinking Skills (HOTS) [2]. Based on the level of thinking from Bloom’s
Taxonomy, HOTS includes the ability to analyze, evaluate, and create [3, 4]. Therefore,
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the role of HOTS in the student learning is significant because it is considered to be
able to help the students become good problem solvers.

Geometry is an essential topic in mathematics [5, 6], which is considered as a topic
helping the students to expand their problem solving [7, 8]. Through the problem solving
, the students are able to figure out a geometry problems, namely understand a text,
create a diagram, find out patterns, obtain a relevant information, make a conclusion,
and the last is formulate a solution [9]. In addition, geometry is also important in the
students’ daily lives [10].

The current challenge is how the students can use geometrical concepts to complete
tasks related to Higher Order Thinking Skills (HOTS). Several previous studies have also
shown that there are weaknesses to the students in solving HOTS tasks [11, 12]. One
source of assignments that is often used comes from the Program for International
The student Assessment (PISA). Not only demanding mastery of concepts, the HOTS
tasks from PISA also emphasize how these concepts are applied to various situations
[13]. In addition, the HOTS tasks from PISA can train reasoning, problem solving, and
analysis [14]. HOTS-oriented the tasks can train the students’ spatial abilities, especially
in learning geometry [15]. In addition, spatial ability is also closely related to geometry
[16, 17]. The students who can complete HOTS tasks are classified as good in their
spatial abilities.

One of the abilities expected in geometry learning is spatial ability, one of which is
proposed by Maier which consists of Spatial Perception, Visualization, Mental Rotation,
Spatial Relations, and Spatial Orientation [18]. The students’ spatial ability is also influ-
enced by their experience in learning geometry [19]. One of theories related to spatial
ability is geometrical thinking [20]. However, previous research shows that the students’
spatial abilities are still relatively low, especially in the process of analyzing, evaluating,
developing, and creating [21]. Therefore, it is necessary to have a geometrical thinking
level designed in geometry learning to see the extent to how the students’ spatial
abilities are [22]. Van Hiele then suggested five levels of geometrical thinking ability
consisting of Visualization, Analysis, Abstraction, Deduction, and Rigor [19]. Through
these components, the students can understand geometrical concepts and are skilled
in using these concepts to solve everyday problems. Theory of geometrical thinking
from Van Hiele can describe the different levels of understanding of each student in
learning geometry [23]. Therefore, this study tries to see the process of each geometrical
thinking level from Van Hiele in completing geometry tasks in HOTS and to compare the
steps in solving the problem with the steps expected based on theory of geometrical
thinking in this study.
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2. RESEARCH METHOD

This study focuses on qualitative approaches. How this study analyze the students’
geometry task, verify the process of problem solving, identify the use of geometrical
concept by the students. Researchers conducted 3 stages in a qualitative study involving
23 grade IX the students in a school in Tangerang Regency. In the first stage, the
researcher took three tasks from PISA as a test instrument related to HOTS in geometry
material. The tasks taken involve the students’ spatial abilities. So that the test instrument
used can see the level of geometrical thinking of the students based on The Van Hiele
theory of geometrical Thinking. The three tasks are presented in Table 1.

Table 1: Three task about geometrical thinking.

No. Geometry Tasks

ICE-CREAMSHOP This is the floor plan
for Mari’s Ice-cream Shop. She is renovating the shop. The service area
is surrounded by the serving counter . Note: Each square on the grid
represents 0.5 meters × 0.5 meters.

1 Question 1: ICE-CREAM SHOP Let’s want to put new edging along the
outer edge of the counter. What is the total length of edging she needs?
Show your work.

2 Question 2: ICE-CREAM SHOP Mari is also going to put new flooring in
the shop. What is the total floor space area of the shop, excluding the
service area and counter? Show your work.

3 Question 3: ICE-CREAM SHOP Mari wants to have sets of tables and four
chairs like the one shown above in her shop. The circle represents the

floor space area needed for each set.
For customers to have enough room when they are seated, each set (as
represented by the circle) should be placed according to the following
constraints: Each set should be placed at least at least 0.5 meters away
from the walls. Each set should be placed at least at least 0.5 meters from
other sets. What is the maximum number of sets that Mari can fit into the
shaded seating area in her shop?

The next stage is the researchers tested the test instrument to the students. All
students are required to complete the test within 60 minutes. The last step is to analyze
the students’ answers based on the steps of their work then the results of the analysis
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are compared with the geometrical thinking level of Van Hiele by looking at the spatial
thinking process. The results of the final analysis obtained were a description of the
students’ abilities in applying geometrical concepts to solve the given problem, as well
as the suitability of the student’s working process with theory expected in this study.

3. RESULTS AND DISCUSSION

The results of analysis from the tasks that were tested on the students are presented in
this discussion. The test instrument number 1 identifies the students’ skills that involve
the concept of the Pythagorean Theorem in identifying the overall length of the table
edge. Test number 2 was tested to assess the students’ ability to use basic geometrical
concepts and their steps in thinking spatially based on several flat shapes identified.
Then the last test instrument is used to see the students’ skills in finding solutions
by visualizing some of the shapes formed. Overall, the test is intended to assess the
students’ skills in completing the task based on HOTS by looking at their geometrical
thinking level.

The expected completion steps as a solution to the test instrument number 1 can be
seen in Figure 1. It can be seen from the expected process in the image that the students
are required to be able to visualize the figure on the test instrument presented in their
contextual circumstances. In this case, the student try to move the visual form of the
problem into a simpler visualization of figure based on their shape. This process involves
the students’ spatial abilities, especially at the visualization level. By carrying out the
visualization process, the students are easier to identify the given problem. Furthermore,
the students can analyze the visualized figures based on their properties. This process
is included in the analysis level. Next, at the identification stage, the students are asked
to find the intended edge in the problem so that the visualization process takes place.
The students are asked to relate the edge size to the given grid unit which is 0.5 meters.
And finally, the students use the Pythagorean theorem to find the hypotenuse of the
intended edge. Thus, the students can find the relationship between the properties of
the figure that is visualized as an abstraction stage. Then, the students get an overview
of the elements needed to find solutions to the problems given. From the concept of
Spatial Ability, the tasks given to the students are seen as spatial spaces.

Furthermore, the expected completion stages of test instrument number 2 are
detailed in Figure 2. After the students finished the task number 1, the students should
be able to understand some of the problems from test instrument number 2. They
just need to continue the visualization process to a further stage where they divide
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Figure 1: An example of expected answer process for the test instrumen 1.

the area of Ice-Cream Shop into several areas. This visualization process can make it
easier for the students to identify which areas are the solutions to the problems asked.
In this case, there are three areas that can be the solution, namely the yellow and red
area which represent the rectangular shapes of KLCA and LMNE, and the green area
which represent the right triangles BCD. At this stage, the students have visualized
the given spatial problem into several shapes that are easier for them to understand.
Next, the students analyze the flat shapes that become the solution area based on the
properties of the flat shapes as the analysis stage. After that, at the identification stage,
the students associated the areas from the previous flat shape with the requested
solution based on the properties of the flat shape. This stage is part of the abstraction
level in geometrical thinking. Next, the students add up all the areas obtained from the
flat shapes to find a solution.

 

 

 

 

 

 

 

 

 

 

 

Figure 2: An example of expected answer process for the test instrumen 2.

Figure 3 describes the steps expected of the students in completing the test instru-
ment number 3. Actually, this problem is easier to solve spatially than algebraically.
However, in fact, there are some the students who do it algebraically, and the result
were not correct. The students who solve this problem by thinking spatially first then
abstractly will do much better. The visualization process carried out by the students
focuses on the red area, namely the area of the seating set by considering the minimum
distance of the set from the wall and the minimum distance between the sets, 0,5m or
1 grid. The students then look for the relationship between the area of the set and the
grid, namely 1 set equals 3 grids so that the area is 9. The students visualize the task
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given to make it easier to identify them. In the end, the students find the area of the
seating area that can be used to place the sets. This step was carried out by linking
the previous information in the visualization stage. This stage is included in the analysis
level. Furthermore, the students can find the solutions from the given task by comparing
the area of the seating area (after analyzing) with the area of a set. At this stage, the
students are at the level of abstraction.

 

 

 

Minimum distance from the wall  

Minimum distance between the sets  

Total minimum distance  

: 

 

 

 

The maximum number of sets: 

 

 

So, the maximum number of sets is 4 sets 

Figure 3: An example of expected answer process for the test instrumen 3.

One of the students’ answer on the test instrument number 1 is shown in Figure 4
(a). It can be observed that the student easily found the visual form that is asked of the
problem. The student then related all the information in the task. By using the concept
of the Pythagorean Theorem, the student can find the hypotenuse of the edge in the
task. And finally, the student only need to add up all the edges referred to in the task.
The final solution found by the student was 4,5m. From the pictures presented by the
student, it can be seen that the student has been able to visualize the problem given
in a simpler form. The student was also able to analyze the length of the asked edge
where one of the edges is a hypotenuse. Then the student managed to state the result
in meters, namely 4,5m.

The work result of the student in answering the test instrument number 2 is presented
in Figure 4 (b) below. From the Figure 4 (b), we can see that the student has been able
to think spatially by finding the floor area of the Ice-Cream Shop as a whole. After that,
the student identified which areas of the Ice-Cream Shop do not need to add a floor.
Indirectly, from this task, the student found an information that the service area and the
counters do not require new floor. So, the student concluded that the area that can be
the solution is the area of the Ice-Cream Shop minus the area of the service area and
the counter. The student visualized the problem by inferring the existence of a square
and a right triangle. In fact, the service area and the counter are a trapezoid. It is clear
that the student’s answer is wrong because there are parts of the counter area that do
not require floors. When referring to the expected answer steps on this task, the student
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can find the solution easier when the student focus on area outside the service area
and the counter. Therefore, the students can determine the right answer by adding up
all the focused areas. So that from this task, at least three flat shapes can be visualized,
namely two rectangles and one right triangle. Furthermore, the student only need to
calculate the whole of the flat shape area. In this case, the student have not been able
to visualize fully the given problem, so the student did mistake when analyzing the
problem until determining the expected solution.

 

 

 

 

 

(a) (b) 

What is the total length of the 

edge?

 

Length of edge = the length of the 

upright + the length of the 

hypotenuse

 = 0.5 (4) + 2.5

 
 

Length of edge = the length of the 

upright + the length of the 

hypotenuse

 
 

 

 

 

The area of the floor = the total area – 

(the area of the counter + service area)

 
 

The area of the floor = 37.5 m2 – 5 m2

       = 32.5 m2

 
 

The total area  = p x l

  = 0.5 (15) x 0.5 (10)

  = 37,5 m2

 
 

The service area & the counter area = 

the area of rectangular - the area of 

triangle 

 

Figure 4: An example of student’s answer for the Task 1(a), An example of student’s answer for
the Task 2(b).
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0.25

 

The area of seat = p 

x l

  = 0.5 (6) x 0.5 (8)

  = 3 x 4

 
 

The area from 

the wall

 
 

The area of 

seats

 

The total area after given the distance 

0.5 from the wall

 
 

The area of seat

  =  QUOTE  

 
 

The first rule: 0.5m2 away from the 

walls

 The second rule: the distance 

between the sets 0.5 m2

 
 

The total area of seating area = p x 

l

  = 0.5 (8) x 0.5 (10)

  = 4 x 5

 
 

The total area of seating area = 

20m2

 

The area of seat

  =  QUOTE  

 
 

The distance 

from the wall 

and the other 

set

 

 

 

 

 

Figure 5: An example of student’s answer for the Task 3.

The students’ answer to the last test instrument can be seen in Figure 5. From the
figure, it can be shown that the student has carried out the visualization process on
the given problem. The student has tried to understand the requirements proposed in
this task by describing the minimum distance of the sets from the wall and from one
set to another. However, in the case of this sets, the student still mistakenly visualize
the set, the student represent the area of a set as a circle. In the process, this is still
understandable, but the student will experience difficulties when the student is in the
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analysis and abstraction stage. Therefore, the student has not been able to answer
this task correctly. After observing, the student considered the set as a circle because
the student saw the visual form from the given task. If based on the expected stages
spatially, the student can actually solve the problem only by describing each possible
set in the seating area.

4. CONCLUSION

In this section, the researchers concludes that there are still deviations from the answers
given by the students with theoretically expected steps in this study. The students have
not been fully able to answer accurately the HOTS tasks given. It was also revealed
that the difficulties encountered by the students in answering these tasks were that the
students generally had not been able to understand visualization of the exact form in
the tasks given. Previous research has also shown that the students often experience
obstacles in the topic of flat shapes which cause them to have difficulty in spatial
thinking [24]. The majority of the difficulties experienced are at the level of geometrical
thinking, especially at the level of visualization, analysis, and abstraction. This is also
supported in Lutfi’s research that the majority of the students in junior high school are at
the maximum level of abstraction [25]. So that the students’ spatial abilities are still at a
low level in completing the HOTS geometry task [11]. Therefore, Van Hiele’s geometrical
thinking level can be used to identify obstacles that may occur when the students
complete HOTS tasks, especially spatially. The role of the geometrical thinking level is
seen when the students try to understand HOTS problems spatially.
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