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Abstract.

Bauer et al. describe Goursat’s theorem, representing the characteristics of subgroups
of a direct product of two or more groups. In this paper, we expand into a ring structure
that describes the characteristics of subrings of a direct product of rings. This research
method is to analogize the evidence by Bauer et al. in the group for generalization.
In our main results, every subring of the direct product of rings is determined by ring
epimorphism between the ring and factor ring.

Goursat’s theorem, subrings, rings

Edouard Goursat [1], a French mathematician, discovered Goursat’s Theorem, which
describes the characteristics of subgroups of the direct product of two groups, i.e.,
an isomorphism between factor groups of subgroups of the given groups determines
each subgroup of the direct product of two groups. Give an instance of applying the
Goursat’s Theorem to determine the subgroups of G| X G,, to be counted the number
of subgroups of §; X S5, and to prove the Lemma Zassenhaus [2]. They also describe
how can state Goursat’s Theorem in the context of rings, ideals, subrings and modules.
Goursat’s Theorem to give explicit formulas for a total number of subgroups of Z,, X Z,
and a total number of subrings of Z,, X Z, [3, 4]. This theorem is further applied to
provide an exact formula for the total number of subgroups of a finite abelian p-group
Z X Z, X Zy [5] Then extends Goursat’s Theorem to R-module [6], whereas expand
to R-algebraic [7].

Other researchers have extensively used Goursat’s Theorem to advance algebra [3—
5, 8-15]. Therefore, this theorem is important to be studied in more depth; for example,

Bauer et al. [12] generalize to a direct product of groups by designing an asymmetric
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version of Goursat’s Theorem for the two groups and then applying recursively. Then
extends to a direct product of modules [16]. However, to the best of our knowledge, there
has been no research on expanding the Goursat Theorem to the direct product of n
rings. This theorem is critical for following researchers to examine and use, particularly
in ring structures. Therefore, this study aimed to investigate the Goursat Theorem’s

extension to the direct product of n rings.

This research analogizes the findings obtained in the group to generalize to rings by
devising an asymmetric version of Goursat’s Theorem for two rings that then apply

recursively [12].

Let A; and A, be rings with zero elements 0, respectively, I, is an ideal of 4, , and I,
is an ideal of A,. The graph of ring homomorphism f : A; — A,, denoted by G, is the
set {(a),a,) € A} X A, f(a)) = a,}. Itis clear immediate that G is a subring of A, X 4,.
Associated to A, X A, there are some natural homomorphisms: M, : A, X 4, = A,
Myt A/ XAy > Ayl 1 Ay > A XAy bt Ay > A X Ay, 0 Ale2—>A1><’;—22,and
Po = Ap X Ay

- ’;—I‘ X ’;—22. Here, we write A,/ A, to denote that A, and A, are isomorphic via a ring
isomorphism f.

MR o f MR

Theorem 1. Let A, and A, be rings, R is a subring of A; X A,. Then ETET)
1 2

and p,"'(G,) = R.

L = D by/f@ + 4T I(R) 1= a4y + 4,7 (R) when
1-I(R)b +1 ‘12(R)en (R . -1 _1

4+ e 12 with a; + 4, ' (R) = b; + |, (R). Then

a,—b, € ,7}(R). Since a, € M, (R) and b, € TM,(R), (a,,x),(b;,¥) € R for some x,y € A,,

whence f(a; +, 7 (R) = x+ 1, ' (R) and f(b; +1, ' (R) = y+ 1, '(R). Thus (0, ,x—y) =

(a),x)—(b;,y)—(a;—b,,04,) € Rsince Ris a subring of A; XA,. Therefore, x—y € L '(R)

Proof. Define a map f

(a;,a,) € R. Suppose that

and hence x + lz_l(R) =y+ lz‘l(R). Verify that f is a ring epimorphism. Finally, let
n+4 MR, g+ TH(R) € % with £(p, + ;"1 (R)) = f(q; + |, '(R)). Since p, € T,(R)
and ¢, € M,(R) (p,. p,).(4;,9,) € R forsome p,,q, € A,, sothat p,+, "' (R) = ¢,+1, '(R).
Consequently, (p; — ql,OAz) =) —(q,q)— (OAl,p2 —¢,) € R since Ris a subring of

A X A,
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Suppose that (a;,a,) € ' (G,). Then (a; + ;' (R),a, + 1, '(R)) = py(ay,a,) € G,
so that f(a; +," (R)) = a, + L, '(R). Thus (a;,a,) € R. Let (b;,b,) € R. Then b, € M(R)
and b, € My(R). Therefore, py(b;,by) = (b, + |, (R), b, + , '(R)) € G . Thus (b, b,) €
Py (G ).

Theorem 2. Let A, and A, be rings, I, is an ideal of A, If ’;—l‘gf’;—zz then (i)m,
(Po'(G) = Ay, (i) TPy (G ) = Ay, (i) (g™ (G ) = I, and (V) b, (P~ (G))) =
L.

Proof. (i) Clearly ﬂl(po‘l(Gf)) C A,. Suppose that a; € A,. There exists an element
a, € A, such that (a; + I,) = a, + I,. Hence py(a;,a,) = (a; + 1,0, + I,) € Gy,
whence (a;,a,) € 0, (G;) and we get a; € (P, (G ). (i) Suppose that a, € 4,.
There exists an element a; € A, such that f(a, + I|) = a, + I, since f is surjective.
Thus a, € TPy~ (G ). (iii) Suppose a, € ,7'(p,™'(G)). Then py(a,,0,) € G, and
hence f(a;, + I,) = I, = f(,). Since f is injective, a; + I, = I,. Therefore, a, € I,.
Conversely, if by € I}, then b, + 1, = I,. Thus (b; + I,) = f(I,) = I,. Consequently,
Po(h1,04) = (by + I, I,) € G;. Therefore, b; € |, (p,~'(G)). (iv) is proved similarly. K

Definition 3. Let A, A,, ..., A, be a finite collection of rings and let R be a nonempty

subsetof Ay x A, X+ XA, IfSca:={1,2,...,n}andjen—-.S,let
R(S) := {aj € A;(ay,a,,...,a,) € R for some a; € A,, i en—{j} witha, =0A1 ifies}

For example, R(2A — {2}) 1= {a, € A5(0,,,45,0,4,,04,,....0, ) € R} and R(1{4,5, ...,
n}) :={a, € A\(a;,a,,as,

04,,04,5---,04) € R for some a, € Ay, a3 € Az}. Let R be a subring of 4, X A,.
By Theorem 1, %g/‘ %{‘f})) since ,(R) = R(1@), M,(R) = R2®), |,"'(R) = R(1{2}),
and lz‘l(R) = R(2{1}). Let A, A,,..., A, be a finite collection of rings, and let m;, :
A XA, X XA, - A begiven by m,(a,,a,,...,a,) =a; i €A, T, is called the standard
projection onto the ith factor. Of course 1;(R) = R(i@) for all subring C A; X A,X -+ XA,
Now we define [, : A X A, X - X A, = A} X A, X - X A; by [[,(a},a,,...,a,) =
(ay,a,,...,a), i € A, []; is called the standard projection onto the first i factors (e.g.,
[T, =m and [, = id, xa,x-xa,)-

Theorem 4. Let A, A,, ..., A, be a finite collection of rings and j € i—S. If Ris a
subring of A; X Ay X --- X A, then R(jS) is a subring of A; and R(jS) is an ideal of
R(jT)withT C S.

Proof. Let a,b € R(jS). Then a = a; and b = bj such that (al,az,...,aj,...,an),
(by, by, ..., b;,....b,) € R where a; = b, =0, (i € S)and for some a;,b; € A; (i €

n

b,),(a\by,ayb,, ... ,a,b,) € R. We have a—b =a; —b; € R(jS) and ab = a;b; € R(jS),
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because g; — b; = a;b; =0, (i € 5) and there exists a; — b;,a;b; € A; i € i— S U {j}).
Therefore, R(jS) is a subring of Aj. Note that R(jS) is a subring of R(jT) since
both R(jS) and R(jT) are subring of A; and (jS) € R(T). Suppose u € R(jS)
and r € R(T). Then u = u and r = r such that (ul,uz,...,uj,...,un),(rl,rz,...,rj,

.,r,) € R where component u; = OAi (i e S)yandr, = OAi (i € T); for some
u € A, ien-Sufj))andr, € A, i € n—T U {j}). Since R is a subring of
A XAy X o XAy, (Uyry ughy, . ur;, ... u,r,) € RFurthermore, ur = u;r; € R(j.S) since
wr; =0, r; =0, (i €S)andthere exists y;r; € A; (i € i—SU{j}). Thus R(jS) is a right
ideal of R(jT). The proof for R(j.S) is a left ideal of R(jT) is similar. K

Theorem 5. Let A, A,,..., A, be a finite collection of rings. If R is a subring of

A XAy X XA, then f : Hk(R) 1;((']‘;11‘]?)) (1 £k < n)is aring epimorphism.

Proof Define a map f, : [[,(R) —» XD by £ (a),ay,...,a) = a,,, + Rk +

R(k+15%)
1k) when (a;,a,, a;,a;,;,...,a,) € R for some a, € A, (k+1 < j < n). Let p =

J J -

1.1, p2s - s Ps - p,) € TR and g = [1(a15 o5 -5 4> -5 a,) € [[(R) with p = q.

Then p; = g; for all j € k. Since (py,py. ... 0). (@12 42s -+ 4) € R, filpyaPasooipy) =

Pis1+RU+1k) and fi(q1, 4y, - @) = Gy +ROAH1k).BUt (04,04 . ..., 0,4, Py —=Giprs -
Pn—=4n) = (P15 D2y - s Pics Picy1s -+ > Pp) — (@15 925 - s Q> Qies15 - -+ » 4,,) € R. Therefore, p, | —

Qis1 € R(k+1k). Hence, p,,, + Rk + 1k) = q,,, + Rk + 1k), so f, is well-defined. Verify

that f, is a surjective ring homomorphism. X

Theorem 6. Let A, A,,..., A, be a finite collection of rings. If R is a subring of
A X Ay X - X A, and sequence {/\,.}Z’ that satisfies the recurrence relation N\; =
O_I(Gf,._l) where f,_; 1 N} = 155?) with initial conditions A\, := R(1@), then \; = T1,(R)
forall j =22 and f; is a ring epimorphism for all j < n.

Proof. We will use induction on j. For j = 2. The map f; : = R(1@) = mM(R) =
M,(R) —» RQ@ is a ring epimorphism by Theorem 5. Now we claim that p_l(Gf ) =T, (R).
If (a;,a,) e p_l(Gfl), then (a,, a,+ +R(21)) = p(a;,a,) € Gf1 and hence f(a;) = a, +

R(2i). Consequently, (a;,a,,...,a,) € R for some a; € A; (2 < j < n). But (a,a;) =

j
Ny(ay,ay,....a,) € My(R) and (a;,a,) € p~(Gy,) imply p~'(G ) C My(R). Con-versely,
let My(by, b,,...,b,) € Ny(R). Since (b,,b,,...,b,) € R, we have f,(b;) = b, + R21).
we conclude that MM,(R) € p~'(Gy,). Therefore, A, = p~(G;,) = My(R).

Now suppose that A, = [1,(R) and assume the result is true for all k > 2. Claim
that p~'(G;,) = My, (R), where f, @ A, = [[,(R) — I;((’Z:ll‘f; is a ring epimorphism
by Theorem 5. Letu € p‘l(Gfk). Then u = (ay,a,,...,a;,a;,,) € N\ X R(k + 1) such

that (a;,a,,...,a;, a0, + Rk + 1k)) = p(ay, ay, ... »ag, aryy) € Gy for some elements

(al,az,...,ak) (S /\k and ak+1 (S R(k + 1@) Hence, fk(al,az,...,ak) = ak+1 + R(k +
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1k). So, (ay,ay, ..., @y, @jy 1> Gpsns --- »a,) € R for some elements g eq K+l <j<n.

J €4
ThUS u = (al,az,...,ak,ak+l) = I_Ik+l(al,a2,...,ak,ak+l,ak+2,...,an) S nk+1(R)and we
conclude that p‘l(Gfk) C M1 (R). Next, let v € M, (R). Then v = (b}, by, ..., b,)
for some element (b, b,,...,b,) € R so that b, ., € R(k + 1@). By formula f,, we have
fk(bl’ b2, ooy bk) == bk+1 + R(k+ 1]}) Therefore p(bl’ bz, ey bk’ bk+1) = (bl’ bz, ceey bk’ bk+1 +
R(k + 11})) € Gfk' Consequently v = (b, b,,...,b;, b, ) € p‘l(Gfk). So, M, (R) C
p~(G},) and the claim is verified. We conclude deduce that Ay, = p~(G) = M, (R).
X

Theorem 7. Let A, A,, ..., A, be a finite collection of rings, 1, is an ideal of A; (i # 1)
and sequence {/\,}/Z1 that satisfies the recurrence relation N\, = p‘l(GfH) CA XA, X
X A; where f,_; 1 N_; = % is a ring epimorphism with initial conditions N\, 1= A,.
Then A\(i®)=A;, 1 <i<n)yand N\, (ii—1)=1, (1<i<n).

Proof. Clearly A,(i@) C A,. Let a; € A,. Since f,_;, : N_| — % is surjective,
there exists (a,,a,,....a,_;) € N\,_; such that f,_,(a;,a,,...,a,_;) = a; + I,. Hence,
p(ay.ay.....a,_1,a) € G, sothat(ay,a,...,a) € p~' (G, )=N,.Since f; : N, > A—ll is
a function, thereis a,,; € A,,, such that fi(a;,a,,...,a;) = a;,; + I,,;. Which implies that
(a,ay,...,a;,;) € p_l(Gfi) = N,,,. Likewise, (a;,a,,...,a;,) € Ny, (a;,a,,...,a;,3) €
Nizsooos (ay,ay, ...,a,) € N, for some a,,, € A, 5,a,,3 € A3,...,a, € A,. Thus

a; € \,(i@) and hence A; C A\, (iD).

n

Observe that A,(ii—1) C I,. Suppose aq; € N, (ii—1) = p‘l(anil)(ii—l). By

Definition 3, (0A1’0A2"“’0A,-_1’ a,...,a,) € p“(an_l) for some a; € Aj (i< j<
n). Therefore, we have f,_(04.04,,...,04 .a;....a,.,) = a, + I,. Since A, is
domain of f,_;, (04,0,4,....04 ,a....a,.)) € N,y = p~'(G, ). Hence, we have
Jn2004,04,,....0, a5 ....0,5) =a, ; + 1, sothat (0,,04,,....04 .a;....a,,) €
N, = p‘l(GfH) since A\,_, is domain of f,_,. Similarly, (04,0, ,....0, .a) € \; =
p‘l(Gf‘__l). Consequently, f;_j(04,0,,,...,04 ) =a;+ ;. So, I; = a; + I; since f;_, is a
ring homomorphism. Thus we have a; € I,. Next, letb, € I,. Then I, = b;+1,. Since f,_, is
a ring homomorphism, f;_(04,0,4,,...,0, ) =1; = b, + I;, whence p(0, ,0, ,...,0,
b)) € G, . Hence (0,,0,,....0, .b) € p‘l(GfH) = N\, Since f;, 1 N\, — ?—: is a
function, there exists b, € A;,, such that (0, .,0,,...,04 .b) = by + I;. Thus
(04,04,,...,04 b b1y) € p‘l(Gfi) = Ny Like-wise, (04,04 ,...,04 b by, b;15) €
Nigas 04,04 ,...,0, bubiiy,biyn,biys) € Niggoooo (04,0, 50,0, S bibyy, oo0ub,) €
N\, forsome b, ., € A5, b3 € A5, ..., b, € A,. Consequently b, € A, (ii — 1).

Here is Goursat’s Theorem starting from n = 2 (Theorem 8), n = 3 (Theorem 10), and
n =4 (Theorem 11). We will state the generalization of Goursat’s Theorem in Theorem

12 forn > 2.
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Theorem 8. [2] (Goursat’s Theorem for subrings of a direct product of 2 rings) Let
A, and A, be rings, S is the set of all subrings of A; X A,, and T is the set of all
5-tuples (W1, S,, W,,S,, f) where S, is an ideal of W, W, is a subring of A; (i = 1,2)

and %gf % Then there is a one-to-one correspondence between S and T.

1 2

Proof.Let R € §.Thenby Theorem1and 4,V = (R(1®), R(1{2}), R2D), R(2{1}), f) €
T. Now we define & : § — T by &(R) := V. Conversely, for an arbitrary Qs =
(W, S, W>, S5, ) € T the map B : T — S defined by B(Q5) := p;'(G,). We must
show & and B are mutually inverse. Let R € §. Then by Theorem 1, B(é((R)) =
B(R(l@), R(1{2}), R2®), R2{1}), ) = pg‘(Gf) = R. Next, let Q = (W, S|, W,,S,, f) €
T. Then by Theo- rem 2, &(B(Q) = 6(p;'(G)) = (95 (G)(19), 05" (G (1{2]), 05"
(G)22),0,'(G)2{1}),8) = 0.

Theorem 9. (Asymmetric version of Goursat’s Theorem for subrings of a direct
product of 2 rings) Let A, and A, be rings, S is the set of all subrings of A; X A,,
and T, is the set of all 4-tuples (W, W,,S,, f|) where S, is an ideal of W,, W, is a
subring of A; (i = 1,2), and f, : W, — SK; is a ring epimorphism. Then there is a
one-to-one correspondence between S and T.

Proof. Suppose R € §. Then 4-tuple (R(1@), R(2®), R(2{1}), f;) € T, since R(2{1})
is an ideal of R(2@), R(1@) is a subring of A; (by Theorem 4), and f, : R(1g) — %
is a ring epimorphism (by Theorem 5). Define a map &, : S — T, by 0,(R) =
(R(12), RQ2D), R(2{1}), f,). Conversely, define a function B, : T, — S by B,(Q,) :=
p‘l(Gfl) for all Q, = (W, W,,8,,f) € T,. Now, let R € §. Then by Theorem 5,
there exists a ring epimorphism f; : R(1g%) — R(22) By Theorem 6, Bz(O‘(R)) =

RQ2{1}’
B,(R(1@), R2@), R2{1}), f)) = p~'(G;,) = A, = M,(R) = R. Finally, suppose that Q =
W, W,, S5, f1) € T,. Then by Theorem 7,

“2(ﬁz(Q)):“2(P71(gfl )):(Pfl(gfl)(Ng)m%’@ﬁ)z(z@)’ffl(gﬁ)(2’{1})»81):( (12) (12)

N, (2{1}),g,) = O. The maps o, and [3, are inverse to each other.

Theorem 10. (Goursat’s Theorem for subrings of a direct product of 3 rings) Let A,
A,, and A, be rings, S is the set of all subrings of A; X A, X A;, and T; is the set of all
7-tuples (W, W5, S,, f1, W5, S5, f,) where S, is an ideal of Wi (J # 1), W,is a subring
of A;, both f, : W, = SK; and f, : B, (W}, W5, S,, f1) = V;—; are ring epimorphisms with
B, as defined in Theorem 9. Then there is a one-to-one correspondence S and T.

Proof.Let R € S. Then according to Theorem 4 and 6, (R(1®), R2®), R21), f1, R(30),
R(32), f,) € T,. Thus define a function o; : S — T, by 03(R) := (R(1@), R2D), R(21),
f1-R(3@), R(32), f,). Conversely, suppose that Q, = (W, W,,S,,f.W;, S5, f,) €
T,. Define a function By : T, — S by B;(Q;) := p‘l(sz). Next, we prove o
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and PB; are inverse to each other. Let R € S. Then by Theorem 6, B;(03(R)) =
B;(R(12), RQ2@), R2D), f,.RB32).R(3D). f,) = p7/(G,) = Ay = My(R) = R. Finally,
let Q; = (W}, W,,S,, f1.Ws,8;, f,) € Ty. Then by Theorem 7, we have o4(B5(Q,)) =
o(p7(GL)) = (PTG )12), 071G 1)22), 07 (G ()21, g1, 071(G)(BD). 071G ,)(32),
£2) = (N(12), A;22). Ay (1), 81, A3 (32). Ay (32). 8,) = 0.

Theorem 11. (Goursat’s Theorem for subrings of a direct product of 4 rings) Let
A, Ay As and A, be rings, S is the set of all subrings of A; X Ay, X A; X A,, and T\,
is the set of all 10-tuples (W, W5, S,, f1, W3,S3, f2, Wy, S4. f3) where S; is an ideal of
w U # D, W, is a subring of A, fi : Wy = 2, fo 2 By(W,, Wa, 8, f)) > 2, and

1

1

fi 0 BBy (W, W, Sy, 1), Wi, S5, fr) — % with f; is a ring epimorphism and B, as
defined in Theorem 9. Then there is a one-to-one correspondence S and Ty,

Proof. Define the mapping o, : 8 = T}, by 6,(R) 1= (R(1D), RQD), R(2i), f1» R3D),
R(32), 5, R(4®), R@43),f;) € T\, forall R € S; and B, : T,y = S by B,(Q,) :=
p‘](Gfa) € SforallQ,y = (W, W,5,.8,, f1, W5, 83, 2, W,, S4, f3) € T} Applying Theorem
6 and 7, we conclude that o, and 3, are inverse bijections.

We will generalize to a higher direct product. To shorten notation (domain of f;), we
use the recurrence relation B,(A;, Wiy, Siy1s 1) 1= p(G,) = A4, with initial conditions
N, := W, (see Theorem 7).

Theorem 12. (Goursat’s Theorem for subrings of a direct product of n rings). Let
A, A,, ..., A, be afinite collection of rings, S is the set of all subrings of A;XA,X---XA,,
and T;,_, is the set of all 3n — 2)-tuples Qs,_, = (W, W,, S5, f1.W3,85. f5, ... . W, S,
fu—1) where S, is an ideal of W, (j # 1), W, is a subring of A,, and f; : N\, - W—:
(1 <i < n)is aring epimorphism. Here sequence { /\,-}ZT that satisfies the recurrence
relation Ny = By(Nu Wipy, Sip1s f1) € Ay X Ay X -+ X A, With initial conditions N\, := W,
and B, as defined in Theorem 9. Then there is a one-to-one correspondence S and
T,

Proof. Define a map o, : S — T;,_, by o,(R) := (R(12), R2D), R21), f1, R(32),
R(32), f5,..., R(n@), Rnn = 1), f, ) € Ty, , for all R € S. Conversely, define a map
B, : T3, = S by B,(03,.0) = Q_l(an_l) € § for all Q5,., = (W, W,,.5,, f1, W5,
Ss, fos e s W, 8, fio) € Ti,-,. Now suppose that R € S. Then by Theorem 6,
B.(ox,(R)) = B,(R(12). RQ20). R21). /1. R(3@). RB2). f5. ... R(n@). Rn = 1), [, ;) =
p‘](an_l) = A, = M, (R) = R. Finally, suppose that Q;,_, = (W, W,,S,, f1, W3, S5,
foress WouSos fuoy) € Ty,_p. Then by Theorem 7, o, (B,(Q5,_,) = O(n(p‘l(an_l)) =
o,(A,) = N,(12),A,20).A,21). £, A,(32).A\,32). 8, ...
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/\n(}’lg),/\n(l’ln — 1)’ gn—]) = (u/], I/Ilz, Sz, f], VI/},’ S3’ fZa ’I/I/n’Sn’ fn—]) = Q3n—2 and

this completes the proof.

The set of all subrings of A; X A, X --- X A,, denoted by §, has a one-to-one corre-

spondence with the set of all 3n — 2)-tuples (W, W,, S, f1. W3,S85, fo, oo . W, S0 fuoi)s

denoted by T3,_,, such that S; is an ideal of ,, (j # 1), W, is a subring of A, and
J

1

fi o N\, — %(1 < i < n) is a ring epimorphism, where sequence {/\,.}Z'l’ that
satisfies the recurrence relation A, = B,(A, W, S, f;) with initial conditions
A, := W,. The mutually inverse maps constructed are o, : S — T;,, defined by
o, (R) := (R(1@), R2®), R21), RQ1), f;, R(3D), R(32), f5,..., R(n@), Rnn = 1), f,_,)

and B, : Ty, , — S defined by B,(Qs,,) :=07'(G; ).
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