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The complicated pulsed generation regimes of a CW-pumped superradiant
semiconductor laser are analyzed via the dynamical spectra of the dipole optical
oscillations of active centers. This novel approach appears to be more informative
than the standard analysis of the dynamical spectra of laser emission if a dipole
relaxation rate is less than a cavity relaxation rate. The advantages of the method
are demonstrated for a number of superradiant lasing regimes on the basis of the
numerical solution to 1D Maxwell-Bloch equations for a two-level active medium in a

low-Q cavity within one-dimensional approximation.

As shown in the recent review [1], the experimental evidences of a super-fluorescence
(collective spontaneous emission under a pulsed pumping) give prospects for the cre-
ation of the superradiant heterolasers with continuous-wave (CW) incoherent pump-
ing. As is well-known, in this class of lasers, the superradiance condition reads @y >
T;', where w) ~ av;Ty — T, — T, is the growth rate of the most unstable hot

mode, v, = y/2zd2w,, NoT'/(g,h) the cooperative frequency, i the population inversion
(normalized to unity) of the active centers averaged over a cavity, N, their density, T
a photon lifetime for a given cavity mode, " the mode-filling factor, ¢, the dielectric
(real) permittivity of a background medium (matrix), w,, the central frequency of a
spectral line of active centers, d their dipole transition moment, 2/T, and 2/T; the
homogeneous and inhomogeneous line broadening (see also [2,3]). The superradiant
lasing is expected to be non-stationary and defined mainly by the dynamics of a
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polarization of an active medium, because a necessary condition for the superradiance
to occuris that a lifetime of a photonin a cavity is shorter than that of the polarization of
active centers. Hence, it is suggestive to use a dynamical spectrum of polarization for the
analysis of the generation regimes of a superradiant laser. We will show, for the first
time to our knowledge, that this approach makes it possible a deeper physical insight
into the nonlinear mode coupling and interaction of various groups of active centers.
In this way, we can essentially enrich the analysis of the superradiant lasing regimes
that was based previously on the studies of the dynamical spectra of the population
inversion and output emission as well as on the use of the empirical modes with a
variable spatial-temporal or spectral-temporal structure [4-7].

Let us illustrate the advantages of the proposed approach on the basis of the
well-known semiclassical two-level model of an active medium and one-dimensional
model of wave propagation in a cavity (see [2, 7, 8] and references therein). Namely,
let us use the semiclassical Maxwell-Bloch equations for the complex amplitudes,
a, = A,/ (2zdN,), of counterpropagating waves of the electric field

E(z,1) = Re {[A, (z,1) exp (ikoz) + A_(z.1) exp (—ikyz)| exp (—iwyt)} \/Te, .

the complex amplitudes, p, (A) = P, (z,1,A)/ (dN,), of the polarization spectral den-
sity of active centers (it is related via the normalization to a current dipole moment of
an individual active center)

P(A,z,t)=Re{[P, (z.1,A) exp(ikyz) + P_(z,t, A) exp(—ikyz) | exp(—iwyt) } 1 (A)V/&y/T,

and the smooth, n, and grating, n,, components of the population inversion spectral
density

N (A, z,1) = Ny {n(z,1,A) +Im [n_(z,1, A)exp (2ikyz)| } [ (D).

We take into account the inhomogeneous broadening of the spectral line and describe
its normalized profile with a Lorentzian f; (A) =Ay/z(A*+ AJ), where A = (o — wy) v,
is the normalized detuning of the transition frequency w of an active center from
the central line frequency w,;, and A,=1/(T,v,) the normalized inhomogeneous line
half-width. We consider the simplest case when the spectral line center w,, coincides
with the distributed feedback (Bragg) resonance frequency, w, = kyc/e)*. For sim-
plicity, we assume that the matrix, sample, and occupation of the transverse mode
with active centers are homogeneous (g, N,, ' = const) along the laser cavity of
length B, —B/2 < z < B/2, and neglect the ohmic, diffraction and waveguide radiation
losses. We take into account the selection of longitudinal modes, which is essential, for
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example, for attaining superradiance in ensembles of active centers with inhomoge-
neously broadened spectral lines, assuming the presence of the distributed feedback
(DFB) of counterpropagating waves due to the weak (with the amplitude g << 1)
harmonic modulation (with spatial period z/k, = 4,/2) of the matrix permittivity, €,, =
goRe [1+4pexp (2ikyz)]. The modulation of the waveguide walls provides the same
effect.

The one-dimensional integro-differential semiclassical equations of the spatial-
temporal dynamics of the superradiant laser may be written out in the form [1,5]

[0/07 + 0/0¢] a, = ifPa. +i [ p (A)f (AT dA,
(/07 + T, + ] po(&) = =V (in(A)a, +nS@)arr2) |
[0/00 +T] (n(d) —n,) = —VTIm (a,pi(d)+a_p:(d)) ,

[0/07 + 1] n, = VI (a2p,(8) —a,pi(d)) ,

where * denotes complex conjugation and a superscript (*) means no superscript for
the upper sign and complex conjugation for the lower sign in the terms with a__ factors.
Here, the following dimensionless quantities are introduced: I = vi/w;, << 1; 7 = tv,
and ¢ = z/B, are the time (normalized to the cooperative frequency) and the longi-
tudinal coordinate (normalized to the cooperative length, B. = c/(v.e)?) = 1/(koI'"™));
I\, = 1/(v,T;,) the normalized rates of inversion and polarization relaxation; L = B/B,
is the normalized length of the sample, and », the inversion of an individual two-level
active center with the transition frequency w = w,, + v,A produced by CW pumping

(n, = —1in the absence of pumping, max |n,| = 1).

Let us consider the case of an active medium with a weak inhomogeneous broadening
of spectral line, A, << I,, placed in a symmetric low-Q Fabry-Perot (FP) cavity with the
equal reflection factors of the end mirrors, R, = R, = R. We choose some particular
laser parameters, listed in Figure 1 caption, which allow us to compare an initial pulse
of strong superfluorescence, the transient pulses of moderate superradiance, and a
subsequent weak quasi-stationary lasing under CW pumping, n, = 1.

The first superfluorescence pulse (very similar for both output ends of the laser) is
associated with a resonant symmetric electromagnetic mode, takes place due to an
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initial inversion, n(r = 0) = n,, appears with an essential delay, 7, ~ 23, has a very short
duration, 8T << T, ~2 << T,, does not depend on a weak pumping rate, I', = Tl“, and
shows a wide symmetric smooth spectrum occupying detunings |A| < 1 for both the
polarization and the field at a laser facet. During the pulse, all active centers behave
similar to each other, cooperatively, independently on their partial frequencies. After
the pulse, a population of the upper energy level is almost completely exhausted (the
inversion of active centers becomes close to -1 everywhere except the cavity center),
and a self-consistent nonlinear transient dynamics of the center’s ensemble and the
field modes in a cavity starts only after a delay time of the order of the inverse pumping
rate [7], T, = 100.
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Figure 1: Weakly modulated superradiant lasing of a sample of length L = 2 in a Fabry-Perot cavity
with moderate reflection factors R = 0.37 (T, = 2) in the case of CW pumping (n, = 1) and an
almost homogeneously broadened spectral line: ', = 2I'; = 0.02, A, = 0.002. (3) Oscillograms of the
normalized output radiation intensities, I |ai|2. (b) The same enlarged oscillograms and an oscillogram
of the average population inversion, n, (dotted curve) for the transient period of time 150 < = < 300.
(c) Dynamical spectrum of the polarization, |p_(A,7)|, at the left facet of an active sample during the
transient superradiant phase. (d) Spectrum of the output fields at the left and right ends of laser. (e)
Spatial-temporal evolution of the inversion grating, |n_(¢, 7. A = 0)|. () Spatial structure of the inversion,
n, (dotted curve) and the fields propagating to the left (a_) and right (a,). (g) Dynamical spectrum of the
polarization, |p,(A, r)l, at ¢ = —1 during the developed lasing phase.

According to Figure 13, there appear six superradiance pulses with a duration of each,
5t ~ 10 — 30, less than the polarization relaxation time, T, = 50; see also Figure 1b,
which shows four such pulses. Their amplitudes are several times less than the ampli-
tude of the first superfluorescence pulse, and their spectra gradually become slightly
asymmetric. These asymmetric pulse spectra are naturally imprinted and clearly seen
in the dynamical spectrum of polarization (Figure 1c), though extraordinary numerical
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efforts are required to resolve this asymmetry from the spectral analysis of the field.
In accord with the Kotelnikov-Nyquist-Shannon theorem, even a total spectrum of the
field, taken for the whole transient period 75-300 and shown in Figure 1d, is rather
rude and does not include the details of the asymmetry.

The dynamical spectral asymmetry is formed due to a quite strong inversion grating
owing to the beating of the counterpropagating waves. At the time 7 > 300 this grating
becomes quasi-stationary and occupies mainly one half of a cavity in the vicinity of
one end (left or right, see Figure 1e), so that there happens a spontaneous symmetry
breaking of the field (Figure 1f) and polarization, and the amplitudes of output field
at the opposite ends of the laser become different (see Figure 1a). The amplitude
profiles of the counterpropagating waves in a cavity preserve their forms and oscillate
slightly as a whole with a period ~ 160. The optical dipoles of active centers follow this
quasi-adiabatic dynamics almost independently on their frequencies within a narrow
inhomogeneously broadened line (Figure 1g).

All described three stages - initial superfluorecsence, transient superradiance, and
developed lasing - change completely if the same active medium under the same
pumping is placed in a DFB cavity of the same quality (the same photon lifetime,
T, = 2) for the main high-Q modes. In this case, the spontaneous symmetry breaking
occurs from the very beginning because, contrary to the resonant one mode superflu-
orescence in a FP cavity, there are two equally important hot modes (with opposite
frequency detunings A = +0.2) and their superfluorescent and subsequent superradi-
ant behavior is strongly affected by initial (random) difference between their phases

[5].

The superfluorescence pulses at the left and right laser facets become essentially
different (Figure 23, ¢, d), depend on an initial noise (small amplitudes of field and
polarization), and have two times longer typical durations and delay times. Their spec-
tra have two times smaller widths and a pronounced dip at |A| < 0.2 that originates
from the distributed Bragg reflections of counterpropagating waves with small fre-
quency detuning. The polarization and population inversion of active centers again
are insensitive to their frequencies within a narrow inhomogeneously broadened line
and accorded well to the field due to the Bloch-vector conservation law that is valid
for the time periods less than T, = 50 < T,. According to Figure 2b, the polarization
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Figure 2: Oscillatory superfluorescence of a sample of length L = 2 in a Bragg cavity with the DFB
coefficient g = 1 (T, = 2) in the case of CW pumping (n, = 1) and an almost homogeneously broadened
spectral line: T, = 2I"; = 0.02, A, = 0.002. (3) Oscillograms of the normalized output radiation intensities,
I|ai|2, (the upper and lower solid curves correspond to a_ and a,, respectively) and the averaged
inversion n (dotted curve). (b) Oscillograms of the polarization, |p_(7)|, and the inversion, |n(7)|, at £ = —1

(dotted curve). (¢, d) Spatial-temporal evolution of the amplitudes |a_(¢, 7)| and |a, (¢, 7)| of a wave running
to the left and right, respectively.

at each laser facet is governed by the fields of both superradiant modes, though its
response has an inertial character due to the finite lifetime 7.

Note that the population inversion is modulated more sharply and deeper at the
facets than at the center part of the laser, and the pumping makes growing the inver-
sion monotonously everywhere in the cavity on a timescale 7, = 100. During a tran-
sient period of time 200-1200, an average inversion becomes positive and high enough
(though not close to + 1) so that several moderate pulses of mode superradiance with a
duration about 20-50, that is, less than T,, are emitted irreqularly (see Figure 33). Due
to the mode competition, this transient superradiant phase takes longer time than that
in the case of FP cavity (cf. Figure 1a) and transforms smoothly to the developed lasing
phase of quasi-periodic emission of mode superradiant pulses.

The intervals between short pulses of superradiant lasing vary from 50 to 150,
demonstrating an average period a bit greater than 100, and both the pulse durations
and amplitudes vary in a couple of times from pulse to pulse (Figure 3a). The nonlinear
interaction and nonadiabatic behavior (linear coupling) of modes in the presence of
inhomogeneous and nonstationary population inversion of an active medium are
responsible for the unstable pulsed lasing. Under these conditions, the phases of
counterpropagating waves are highly variable and irregular in time and space, so
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Figure 3: Superradiant lasing of a sample of length L = 2 in a Bragg cavity with the DFB coefficient
p = 1 (T = 2)in the case of CW pumping, n, = 1, and an almost homogeneously broadened spectral

line: ', = 2I'; = 0.02, A, = 0.002. (a) Oscillograms of the normalized output radiation intensities, I |ai|2.

Dynamical spectrum (b) of the field, |a”(A,7)|, and (c) of the polarization, |p_(A, 7)|, at the left facet of an
active sample.

that an inversion grating of an active medium is irregular, weak on average and does
not influence much the coupling of waves and the lasing dynamics. As a result, the
spontaneous symmetry breaking is clearly present during each superradiant pulse, but
strongly suppressed on averaging over many pulses. The frequency asymmetry (with
respect to A = 0) of the dynamical spectrum of field may exist during emission of
several pulses (Figure 3b), but disappears for the long-term periods of time. However,
the dynamical spectrum of polarization (and the corresponding field) in a narrow
spectral line of an active medium, A < 2A, = 0.01, is almost symmetric (see Figure
3¢). The spectral asymmetry of lasing may be important in the case of a strong
inhomogeneous broadening of spectral line which is considered in the rest part of
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Figure 4: Lasing of a sample of length L = 5in a combined Fabry-Perot cavity with the complex reflection
factor of both mirrors, R = 0.1¢?, and with the DFB coefficient g = 0.1 (T, = 2.9) in the case of
CW pumping (n, = 1) and an inhomogeneously broadened spectral line: ', = 2I'; = 0.02, A, = 4. (a)
Oscillograms of the normalized output radiation intensities, I |ai|2. Oscillograms of the fields of each of
the two coherent modes are shown by light curves. (The dark background is caused by frequent intensity
oscillations with a frequency of the order of the cooperative frequency.) (b) Spectrum of the inversion,
[n(A, 7 = 1500,¢ = —L/2)|. (c) Spectrum of the polarization, |p_(A, = 1500,¢ = —L/2)|.
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In the case of superradiant lasers with a strong inhomogeneous broadening of spectral
line exceeding the cooperative frequency, when A >> 1 > T;' >> T, !, there are
at least five qualitatively different operation regimes of lasing: quasi-stationary, self-
modulation, regular pulsed, irregular pulsed with quasiperiodic pulse trains, and quasi-
stochastic [1, 4, 5]. Which regime occurs and how it looks like depend on a cavity length
L, the pumping level n, and rate T}, and a spectrum of lasing modes.
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Figure 5: Superradiant lasing of a sample of length L = 6 in a combined Fabry-Perot cavity with the
complex reflection factor of both mirrors, R = 0.1¢™, and with the DFB coefficient g = 0.1 (T, = 3.7)
in the case of CW pumping (n, = 1) and an inhomogeneously broadened spectral line: T, = 2I'; = 0.02,
A, = 4. (a) Oscillograms of the normalized output radiation intensities, I |a, 2, and an oscillogram of the
average inversion, n, (dotted curve). Dynamical spectrum (b) of the inversion, |n(A, 7)|, as well as (c) of
the field, |a‘i’(A, 7)|, and (d) of the polarization, |p,(A, r)|, at the left facet of an active sample.

Figures 4 and 5 demonstrate the lasing features in the cases of quite short cavity
lengths, L = 5 and L = 6, (which exceed a bit the lasing threshold value, L,, ~ 1/A;)
+0.4 and fixed by
choosing specific values of the amplitudes and phases of the mirror reflection factors

and two symmetric hot modes situated at the deturnings A =~

in @ combined DFB-FP cavity.

In the first case, L = 5, there are no superradiance (superfluorescence) pulses, and
after several oscillations (Figure 4a) the lasing becomes steady-state and consists of
two independent monochromatic pairs of counterpropagating waves with different
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frequencies and equal intensities, I|a|* = 5 - 107. (For simplicity’s sake, we do not
take care of the quantum and thermal noises.) Due to the saturation effects (see, e.q.,
[2, 8]), these fields burn two holes in the population inversion profile of a spectral line,
which have a width A, ~ 0.04 (Figure 4b). The spectral distribution of polarization of an
active medium have two corresponding peaks with two times broader width (Figure
4¢), as it should be for an oscillating dipole with a saturation nonlinearity placed into
an external resonant monochromatic field.

In the second case, L = 6, the lasing proceed above a so-called superradiant thresh-
old, namely, the laser generates a sequence of phased-in pairs of oscillating mode
superradiant pulses (Figure 5a). This sequence is almost periodic, and an average period
(~ 230) is equal to a time interval it takes the pumping to restore an inversion level
required for superradiance (Figure 5a, b). After each pulse the inversion becomes
negative for a while in the two mode spectral channels due to generation of strong
coherent fields in these channels (Figure 5c), in accord with the energy conservation
law. As is clearly seen from the dynamical spectrum of polarization (which is related
to the dynamical spectrum of inversion via the Bloch-vector conservation law), the
simultaneous superradiant pulses of the two neighboring lasing modes are coherently
coupled by means of the spectral tails of each pulse (Figure 5d), although a spectral
width of each pulse (~ 0.2) is approximately four times less than the distance between
modes. Also, the dynamical spectrum of polarization makes it possible to resolve fine
spectral structure of each mode superradiant pulse, because this spectrum is calculated
straightforward and does not require a special computer Fourier analysis needed for
evaluating the field dynamical spectrum. Note, that in this case (and in the next two
cases of sections 5, 6 as well) there is a short-term spontaneous symmetry breaking
of the spatial profiles of field and polarization similar to that described in the previous
sections.

To give a typical example of superradiant lasing in the case of asymmetric spectrum of
modes, let us take real values, i.e., with zero phases, of both (equal) mirror reflection
factors in a combined DFB-FP cavity considered in the previous section. Then, according
to Figure 6, the lasing regime is again quasiperiodic (with an average period ~ 200), but
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now it is formed by one wide-band superradiant mode and four narrow-band quasi-
stationary modes modulated by the first one.

Note that to make the amplitudes of these four quasi-stationary lasing modes
higher, we choose longer the cavity length as compared with the previous case
shown in Figure 5, namely, L = 7 instead of L = 6. The dynamical spectrum of
polarization (Figure 6c) follows well the fine structure of modes and visualizes their
interference. In particular, one can resolve an intermode coupling happen at the times
when the superradiant pulses are emitted as well as the Rabi splitting of the most
strong superradiant mode, which is also seen on the dynamical spectra of a population

inversion (Figure 6d) and an inversion grating (Figure 6e).
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Figure 6: Superradiant lasing of a sample of length L = 7 in a combined Fabry-Perot cavity with the
reflection factor of both mirrors, R = 0.1, and with the DFB coefficient g = 0.1 (T, = 4.4) in the case
of CW pumping (r, = 1) and an inhomogeneously broadened spectral line: I', = 2I'; = 0.02, A, = 4.
(a) Oscillograms of the normalized output radiation intensities, I |ai|2, and an oscillogram of the average
inversion, n, (dotted curve). (b) Spectrum of the output fields at the left end of the laser. Dynamical
spectrum (c) of the polarization, |p_(A, 7)|, as well as (d) of the inversion, |n(A, 7)|, and (e) of the inversion
grating, |n,(A, r)|, at the left facet of an active sample.

It can be shown that a valuable inversion grating (with the amplitude |n,| ~ 0.1)
in the present, previous and next cases influences essentially the asymmetric profiles
of field and polarization in a cavity and increases the temporal variability of pulses
making their difference more pronounced. The reason is that the phase and spatial
position of the inversion grating differ from pulse to pulse with respect to a given DFB
grating because the inversion grating has a lifetime (7, = 100) less than the inter-pulse
interval of time and is formed by the counterpropagating waves which are different in
each subsequent superradiant pulse.
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In the case of a strong inhomogeneous broadening, when a DFB-FP cavity provides
a number of quasi-equidistant quasi-stationary lasing modes, there is a spectacular
effect of the partial self-locking of these modes in the presence of one or more pulsed
superradiant modes [5-7]. This effect takes place in a broad range of laser parameters
in the absence of both the external modulation of its properties and any absorbers
commonly employed for achieving a mode-locked regime of lasing a quasi-reqgular
train of radiation pulses with durations shorter than the relaxation times of the pop-
ulation of energy levels and polarization of the active medium (cf., e.q. [8, 9]). The
effect exists due to the superradiant pulses of modes with the highest growth rates
which follow quasi-periodically with the period close to the pumping time, T}, and burn
out deep dips in the population inversion of the active medium, up to removing the
population inversion in it, in certain spectral intervals and in certain time intervals. As
a result, modes with the smaller growth rates and frequencies lying farther from the
photonic bandgap are capable of a partial locking maintained by a coherent interaction
with superradiant modes. In this case, if the reflection coefficients R from the ends
are not too small compared to the DFB parameter gL, another pulsed quasi-periodic
component appears in emission with the time period approximately equal to the travel
time of light in the cavity due to mode-locking of some modes; see an example in
Figure 7, where the oscillogram (Figure 7a) of the field of twelve phased-in modes
(Figure 7b) is shown.

The regular sequence of frequent self-mode-locking pulses and two sequences
of rare pulses produced by two superradiant modes (two left modes in Figure 7b)
are clearly seen in the dynamical spectrum of the polarization (Figure 7¢) and hardly
resolved in the dynamical spectrum of the field (Figure 7d). Six intermediate lasing
modes are not well phased in. It is interesting that many non-superradiant quasi-
stationary modes would not appear in steady lasing in the absence of superradiant
modes, because, according to the linearized Maxwell-Bloch equations, they would
not have the growth rate. This operation regime is promising for generating a quasi-
regular train of high-power ultrashort coherent emission pulses upon CW pumping
in the absence of additional elements or devices providing mode-locking. Complex
features of the nonlinear mode interaction and inter-mode coherence may be revealed
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Figure 7: Superradiant lasing of a sample of length L = 20 in a combined Fabry-Perot cavity with the real

reflection factor of both mirrors, R = 0.15, and with the DFB coefficient g = v/3/L (T, = 20) in the case
of CW pumping (n, = 0.9) and an inhomogeneously broadened spectral line: I', = 2I', = 0.02, A, = 13. (a)

Oscillograms of the normalized output radiation intensities, I |ai|2, (orange curve) and an oscillogramm
of the field of twelve phased-in modes, I |ai|2, (dark curve). (b) Spectrum of the amplitude and phase

(dark curve) of the output fields at the left end of the laser. Dynamical spectrum (c) of the polarization,
|p_(A,7)|, and (d) of the field, |[a®(A, 7)|, at the left facet of an active sample.

by means of the technique based on the spatial-temporal and/or spectral-temporal
complex empirical orthogonal functions [6] evaluated from the polarization dynamics.

The examples considered demonstrate that the spatial-temporal dynamics of CW
superradiant lasing in the dense ensembles of active centers with slow relaxation rate
of dipole oscillations is extremely rich and may result in complicated, though quite
reqgular spectral-temporal patterns of emission, with many potential applications in
the dynamical spectroscopy and information processing. The analysis of the dynam-
ical spectra of polarization of an active medium along with the dynamical spectra
of electromagnetic field and population inversion allows one to describe in detail
various regimes of the low-Q superradiant lasers, to find optimal conditions for the
pulsed operation, and to give qualitative explanations of the major features of lasing
processes. All these benefits are very important for managing the time profile, the
correlation features, and the spectral properties of the generated radiation.
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